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Accurately Approximate Formula of Effective
Filling Fraction for Microstrip Line with
Isotropic Substrate and Its Application
to the Case with Anisotropic Substrate

MASANORI KOBAYASHI, MEMBER, IEEE, AND RYUITI TERAKADO

Abstruct-The accurately approximate formula of effeetive fUfing frac-

tJon qw fs obtafned for the rnierostrip fine with zentbfeknes atrip and

isotropic substrate. The lime capacitance per unit length C/cO for the ease

with anfsotropic substrate ean easily be obtained by using the approximate

formula of qW and CO/~ tabulated for the wide range of shape ratio w/lz.

Tbe parameters Z, u, and X for such a fine ean be safcufated by using C/ co

and Co/ co.

I. INTRODUCTION

T HE CALCULATION of the parameters of a micro-

strip line based on a TEM approximation is useful

for the design of microwave integrated-circuit structure.

The parameters can be derived from the line capacitances.

However, the line capacitances may change from zero to

infinity in accordance with the shape ratio w/h. This

makes it difficult to derive the accurately approximate

formula of the parameters for an arbitrary microstrip line.

For example, the approximations for characteristic imped-

ance have been obtained by Wheeler [1], [2]. Wheeler has

proposed the effective filling fraction qWin [1], where w is

added as a suffix after Wheeler to differentiate the effec-

tive filling fraction q and the electric charge q. Subse-

quently, he has shown the approximation of qW for iso-

tropic dielectric substrate in [2]. This qW depends mainly

on the shape ratio and only slightly on the relative dielec-

tric constant of substrate. Also, it has the desired proper-
ties that qW~0.5 when w/h-0, and qW* 1 when w/h-+ co.

The effective relative dielectric constant c~f can be simply

computed from & = 1 + qW(c* – 1). One of the authors has

derived the Green’s function for the rnicrostrip line with

an anisotropic substrate [3] and has proposed, by using

this Green’s function, a method which calculates with a

high accuracy the line capacitance of such a line. This

method also calculates accurately qW for the isotropic

substrate. Recently, we have shown that the electrostatic

problem with multilayered anisotropic media can be

transformed into that with multilayered isotropic media
[4]. We have found from the fact of this transformation
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that the line capacitance per unit length for the microstrip

line with anisotropic dielectric substrate is equal to that

for the microstrip line with a corresponding isotropic

dielectric substrate.

In tkk paper, we show the accurately approximate

formula of qW for the microstrip line with isotropic sub-

strate. We show that C/~ and the parameters Z, v, and&

for the case with anisotropic substrate, can be obtained by

using th{e approximate formula of qW and CO/CO tabulated

in this paper for the wide range of shape ratio w/h.

II. EFFECTIVE FILLING FRACTION AND ITS

APPLICATION

The piirameters of a microstrip line can be calculated

by using the line capacitances per unit length c/c. of the

case with substrate and Co/co of the case without sub-

strate. These C/c. and Co/ co can be calculated with a

high accuracy by using the Green’s function technique

([3], after the next corrections, (- –)v~(– –)’ in (37)

and (46)). Also, the exact value of Co/CO can be obtained

by confcmnal mapping as shown in the Appendix. We

consider the microstrip line where its strip width is w and

the permittivity tensor of its anisotropic dielectric sub-

strate of thickness h is such that

(1)

in the ~–~ coordinates obtained by rotating the x–y

coordinates with the angle y. The x–y axes are parallel

and perpendicular to the ground conductor, respectively.

As having mentioned in [4], this microstrip line can be

transformed into the microstrip line with w’, h’, and

isotropic dielectric substrate .s’ as follows:

W’=w (2)

h’=rzh/{(a2- l)cos2y+l} (3)

~’= ~*eo
r

6*= ●;%* (4)

where
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TABLE I
VALUSS OF WHi AND qw( WHi,c”)

EiEfEl
TABLE II

VALURS OF b], bz, dl, dz, dB, ~ da

E* bl b2 dl d2
‘3

db I
I 1 1 I 1 1

1.01 I -0.9914970 I -0.3383140 \ 0.8129886 I -0.2530581 I -0.2495215 ] -0.04892659

2.00 -0.9999744 -0.3375214 0.8727037 -0.2856383 -0.2803518 -0.05496000

8.00 -1.012575 -0.3487503 0.9281990 -0.3367463 -0.3189153 -0.06147304

The line capacitances per unit length for both microstrip

lines are identical with each other [4]. This means that

C/co for the microstrip line with the anisotropic substrate,

as shown below, can easily be obtained from the ap-

proximate formula of qW for the microstrip line with

isotropic substrate if it is known. Therefore, it is worthy to

obtain the approximate formula of qW.

If we calculate qW for the rnicrostrip line with isotropic

substrate 6* and shape ratio w/h by the Green’s function

technique [3], we find that qW for the zero-thickness strip

can be approximated with the quadratic curve and with

the high accuracy as follows:

4W(WH, t*)= ao+al~(~”)+ a2{j(~*)}2 (6)

where j(u) = 1– 1/u, WH = w/h, and the unknown coef-

ficients aO, al, and a2 can be given by solving the simulta-

neous equations obtained by substituting qW for ●*= 1.01,

2, and 8 in the case of same shape ratio to the considered

one, WI.?, into (6). Therefore, we can calculate the value

of (6) if qWfor C*= 1.01, 2, and 8 is known for an arbitrary

shape ratio. We can obtain the approximation of qW for

C*= 1.01, 2, and 8 by using the line capacitance for such

microstrip lines calculated by the Green’s function tech-

nique [3]. That is,

substrate (Rl) in the Wheeler’s formulas from R,= (41Jm0

x 10-12)/( CO/CO) by using CO/~O shown in Table IV and

the velocity of light, 00 =2.997925 x 108 m/s. Method ‘WI

has a good accuracy for the narrow strips as having btien

mentioned by Wheeler [2]. Method W2 has a good ac-

curacy for the intermediate and wide strips. We can

understand that the relative error of method B is less than

0.2 percent since method A has a very high accuracy, as

already mentioned in the previous paper [3]. This, lthe

approximate formula (6), has a high accuracy. However,

the demerit of this formula is that it is not simpler than

the Wheeler’s formulas.

Next, we consider the microstrip line with w/h and

anisotropic dielectric substrate ; as shown in (l). The IIine

capacitance per unit length C/co and the parameters Z,, v,

and A of this microstrip line for zero-thickness strip canl be

calculated by using (2)–(6) and Table IV as follows:

c/Eo= c’/co (9)

z/zc=l/{(co/Eo)l@ } (10)

v/vo=A/Ao= l/l@ ([11)

1
1 -{1 -qW( WHi,E*)} exp [blloglO(FVI1/ w~i)+ ~z{loglo(~H/ WH~)}2]~ F’uYi< WH (7)

qW(WH, E*) = 0.5 – {0.5 – qW(WHi,c*)} exp [ dlloglo( WH/ WHi) + d2{log10( WH/ WHi)}2

+ d3{log10( WH/ WHi)}3 + dl{loglo( WH/ WH,)}4], WHi > WH. (8)

In (7) and (8) the values of WHi and qW(WHi, E*), for
where

e*= 1.01, 2, and 8 are shown in Table I, and the values of C’/co= 6yfc:/Eo (,12)

bl, b2, dl, d2, d3, and d4 are shown in Table II. In Table CL, = (c/qJ/(co/Eo) (13)
III, the percentage error of the approximate formula (6) of
the effective filling fraction (method B) to the results

c~~= 1 +(6*– l)qw(w’/h’, c*) (14)

calculated by the Green’s function technique [3] (method 2== v= intrinsic impedance of the free space,
A) are compared with those calculated by the authors C/co, cJ60 line capacitances per unit length for

using Wheeler’s formulas (eq. (53), [2]) (method W 1) and the microstrip line with w/h and <,
(eq. (59), [2]) (method W2). We calculated the characteris- c’/c@ c(j/6~ line capacitances per unit length for

tic impedance for the microstrip line without dielectric the microstrip line with w’/h’ and t*,
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TABLE III
PERCENTAGE ERRORS OF THE APPROXIMATIONS OF THE EFFECTIVE

FILLING FRACTION qw TO METHOD A FOR THE MICROSTRIP LrNS

w/h
1.01 1.5 2 4 8 16 128

W1 0.004 0.27 -0.37 -0.44 -0.47 -0.46 -0.53

0.01 W2 -2.0 -1.9 -1.8 -1.5 -1.4 -1.3 -1.3

B -0.094 -0.12 -0.11 -0.049 -0.029 -0.002 -0.047

W1 -0.005 -0.53 -0.75 -0.98 -1.0 -1.0 -1.0

().1 W2 -2.3 -2.2 -2.1 -1.8 -1.6 -1.4 -1.3

B -0.008 -0.076 -0.088 –0.099 –0.090 -0.079 -0.067

1“71 0.73 -0.90 -1.6 -2.7 -3.1 -3.3 -3.5

1 W2 -0.68 –0.66 –0.56 -0.26 -0.026 0.12 0.27

B 0.097 0.11 0.097 0.087 0.11 0.13 0.15

lo W2 -0.52 -0.59 -0.59 -0.53 -0.47 -0.42 -0.38

0.012 0.024 0.019 0.016 0.024 0.O32 0.042

100 :2
-0.27 -0.27 -0.22 -0.24 -0.23 -0.22 -0.21

B 0.075 0.052 0.095 0.067 0.083 0.094 0.11

Wl: method by the approximate formula [ 2 ,(53) ]

TJ2: method by the approximate formula [ 2,(59) ]

B : method by the approxunate formula ( 6 )

TABLE IV
EXACT Lms CAPACITANCE PER UNIT LENGTH (CO/CO) OF THE MICROSTIUP WITHOUT

&JESTRATE

O.oosll 0.556537 0.592941 0.616532 0.63A4A1 0.649066 0.661525 0.672439 0.682188 0.691025

0.091 0.699126 0.757553 0.796490 0.826636 0.851638 0.873217 0.892334 0.909583 0.925362

(-).01 0.939947 1.04869 1.12680 1.18587 1.23800 1.28112 1.32588 1.36431 1.40010

0.1 1.43375 1.70270 1.91198 2.09392 2.25993 2.41548 2.56364 2.70633 2.84479

1 2.97989 4.23155 5.39883 6.52694 7.63141 8.71990 9.79678 10.8648 11.9259

10 12.9813 23.362 33.596 43.766 53.899 64.010 74.103 84.185 94.257

100 104.32 204.75 305.00 4(35.18 505.32 605.44 705.54 805.62 905.70

1000 1005.7 2006. ? 3006.4 4006.6 5006.8 6006.9 7007.0 8007.1 9007.2

computed by the authors using conformal mappina [ 5 ] , [ 6 ] for w/h < 10 and

USi.13q the Green’ s function technique [3] fCZr w/h > 10

—

4. effective filling fraction for the micro-

strip line with w’/h’ and E*.

w’, h’, and C* are denoted in (2), (3), and (4), respectively.

III. CONCLUSION

We have proposed the accurately approximate formula

of the effective filling fraction for the microstrip line with

isotropic substrate. The relative error of this formula is

less than 0.2 percent by comparing with the results ob-

tained by the Green’s function technique. It has been

shown by applying the transformation of the anisotropic

problem into the isotropic problem, that the line capaci-

tance per unit length C/c. and the parameters Z, o, and A
of the microstrip line with anisotropic substrate can easily

be calculated by using the approximate formula of the
effective filling fraction for the case of isotropic substrate.

The numerical calculation has been performed with the

aid of the digital computers HITAC 8250 and HITAC

8800/8700.

APPENDIX

The line capacitance Co/co per unit length of the micro-

strip line without a substrate can be found analytically by

conformal mapping [5], [6], and by the Green’s function

technique [3]. It is useful in using the approximate for-

mula (6) that the CO/ ~0 is tabulated for the wide range of

shape ratio. The results calculated by the authors are

shown in Table IV. All values shown omitted the follow-

ing results: the results for the shape ratio w/h <10 which

are calculated by conformal mapping; the results for

w/h >10 which are calculated by the Green’s function

technique, because of the overflow in the digital computer

while it was used to calculate the conformal mapping.
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